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ABSTRACT: A general one-loop scattering amplitude may be expanded in terms of master
integrals. The coefficients of the master integrals can be obtained from tree-level input in a
two-step process. First, use known formulas to write the coefficients of (4 —2¢)-dimensional
master integrals; these formulas depend on an additional variable, u, which encodes the
dimensional shift. Second, convert the u-dependent coefficients of (4 — 2¢)-dimensional
master integrals to explicit coefficients of dimensionally shifted master integrals. This
procedure requires the initial formulas for coefficients to have polynomial dependence on
u. Here, we give a proof of this property in the case of massless propagators. The proof
is constructive. Thus, as a byproduct, we produce different algebraic expressions for the
scalar integral coefficients, in which the polynomial property is apparent. In these formulas,
the box and pentagon contributions are separated explicitly.
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[D. Pentagon double cut ka

1. Introduction

Detailed calculations of multi-particle scattering events are needed in order to analyze
new physics at the experiments of the Large Hadron Collider. Computational complexity
increases rapidly with the number of legs, even at the amplitude level. New and improved
algorithms are being developed to meet these needs. Recent progress at next-to-leading
order has been reviewed in [f[.

Scattering amplitudes at one-loop level can be understood in terms of an expansion in
master integrals [f, . The coefficients of the master integrals may be obtained by direct
reduction, or alternatively by solving constraint equations derived from singular structures,
most notably unitarity cuts [|—B{]. In order to obtain complete physical amplitudes from
unitarity cuts, we can work in dimensional regularization, where D = 4 — 2¢ [B1-B4]. By
now, explicit analytic formulas for these coefficients are available [0, B3, B7, P§]. The
input quantities are taken from the complete tree-level amplitudes involved in unitarity
cuts. There are other promising algorithms for finding the coefficients in 4 or D dimen-
sions [@, 7, 4, @], or specifically the additional “rational” parts supplementing a pure
4-dimensional expansion [B(, B6-[5].

The formulas of 7], developed in the context of the D-dimensional unitarity analysis
of [[Lg, R, are coefficients of (4 — 2¢)-dimensional master integrals; these formulas depend
on an additional variable, u, which encodes the dimensional shift. To finish the calculation,
we convert the u-dependent coefficients of (4 — 2¢)-dimensional master integrals to explicit
coefficients of dimensionally shifted master integrals.!

We are presently concerned with the adaptation of the formulas of 27 to an efficient
numerical algorithm. Two particular issues are addressed in this paper:

e Because the coefficients of the (4 — 2¢)-dimensional integrals are polynomials in the
variable u, a direct numerical implementation is not obvious.

e The algebraic expression of boxes includes both box and pentagon contributions. The
pentagon contribution is signaled by the (au + b) factor in the denominator.

Our aim is to solve these two problems. More concretely, in this paper we accomplish the
following:

e The proof of the polynomial property of u: In previous work, some evidence for this
assumption was provided. Now, we give a complete proof.

1 As an alternative to this last step, complete coefficients of (4 — 2¢)-dimensional master integrals could
be obtained with the recursion and reduction formulas of [@7 .



e Simplifying our previous expressions: The algebraic expressions for coefficients given
in 27 were the full polynomials in u, i.e. a sum of terms of the form c,u™. Here, we
give expressions for evaluating ¢, directly from input quantities.

e Separating the coefficients of boxes and pentagons: We give explicit, separate expres-
sions for coefficients of boxes and pentagons.

For simplicity, the results here are specific to amplitudes with massless propagators.
Generalization to the massive case is straightforward for the coefficients of master integrals
that have nonvanishing cuts. Based on the present paper, the generalization to the massive
case has been presented in [£§]. We work within the spinor formalism [[7], reviewed in [Ag.

The paper is organized as follows. In section 2, we organize our input quantities from
tree amplitudes, define some key vectors and spinors from the input, and briefly discuss the
dimensional shift. Then we proceed to the simplifications of the formulas for coefficients,
and the proofs that they are polynomials in u. These are given in sections 3 and 4 for
triangles and bubbles, respectively. In section 5, we address box coefficients, and for the
first time we present separate formulas for box and pentagon coefficients. Section 6 contains
an application of these formulas, within the example of the 5-gluon amplitude. In section
7, we close with a discussion and comparison to a couple of other recent approaches to the
problem of one-loop amplitudes. Appendix A contains our definitions of master integrals
and dimensional shift identities. Appendix B contains alternate, more explicit expressions
for the triangle coefficients which may be better suited for numerical evaluation, since the
derivatives have been taken analytically in every case that arises in a renormalizable theory.
Appendix C contains many of the details of the polynomial proof for bubble coefficients.
Appendix D contains analytic expressions used in cuts of pentagons.

2. Setup and definitions

In this section, we set up some key conventions and definitions used in expressing the
coefficients of master integrals, and in our proofs of polynomial dependence.

2.1 Unitarity method

The unitarity cut of a one-loop amplitude is its discontinuity across a branch cut in a
kinematic region selecting a particular momentum channel. Specifically, we denote the
momentum vector by K. Then, K? should be positive, and all other momentum invariants
should be negative. The vector K will be a sum of momenta of some of the external legs.
The discontinuity is given by

aaer — [aPe Az A, (21)

where the Lorentz-invariant phase-space (LIPS) of a double cut is defined by inserting two

S-functions representing the cut conditions:?

dP® = dp 5(p*)s((p — K)?) (2.2)

2The delta functions here should properly be denoted by 5(“7 indicating that they are restricted to the
positive light cone. We shall drop the superscript for simplicity.



The “unitarity method” [, ] combines the unitarity cuts with the results of reduction
to an expansion in master integrals I; [{]

AlTloor =N ;. (2.3)

The master integrals in d dimensions with massless propagators are scalar pentagons, scalar
boxes, scalar triangles, and scalar bubbles. In the full d-dimensional formalism, there are
no cut-free terms.

The n-point scalar integral with massless propagators is

—i(4r D/2 de 1
(4m) / (2m)D p2(p — K)? H;L:_lz(p _ P])2 (2.4)

The coefficients ¢; in (R.3) are, by construction, cut-free rational functions. In the

unitarity method, we do not derive the coefficients of master integrals by performing any
reduction. Rather, we take the coefficients as unknowns and proceed to constrain them by
performing cuts on both sides of (£.3):

AAI_IOOP = ZCZAIZ (25)

Any realization of the unitarity method must address the problem of isolating the in-
dividual coefficients ¢;. The unitarity method succeeds because the cuts of master integrals
are logarithms of unique functions of the kinematic invariants.

In [[[J], it was shown how to obtain scalar box coefficients directly by cutting four
propagators rather than two. Similarly explicit analytic formulas for the other coefficients
have recently become available [R4, B3, B7, g

Here, we refer to the formulas given in [27], after setting propagator masses to zero for
simplicity. The generalization to the case of massive propagators has now been given in [[(].

2.2 Input quantities

Having present the general picture, in this subsection we can start with the following most
general expression for a unitarity cut integral:

ey o2 [T (=20 P) 4y oy o) 2
¢ [ R 6 (0= KP) (26)

We work in the four-dimensional helicity scheme, so that all external momenta K; are
4-dimensional and only the internal momentum p is (4 — 2¢)-dimensional. We decompose
the (4 — 2¢)-dimensional loop momentum as [[[9, BJ

p=L{+, (2.7)

where £ is 4-dimensional and @i is (—2e¢)-dimensional. With the integrand in the form
of (£.9), there is a prefactor c¢(u?) which depends on the external momenta as well as on
12, In this discussion we shall be paying careful attention to all dependence on 2.



From this starting point, the coefficients of master integrals were listed in [27]. Now,
we would like to be able produce the complete 4-dimensional expression, by performing the
integral over u? by the recursion and reduction formulas of [[§, B1]. To get this complete
answer, we need to consider the dependence of the prefactor c(u?) on p?, along with the
power of y? in the coefficient formulas of [27]. We consider this dependence in terms of the
dimensionless parameter u, defined by

_ 4
With this definition, the cut integral (.6) can then be rewritten as

_Um) (BN e — (kA TR, ()14
_F(_6)<4> /Od (w )/<€d€> [0de)v/1 R T o (2.9)

The coefficients listed in [R7], which are summarized below, are the results of the
four-dimensional part of the integral (R.6); they are functions of u. The “four-dimensional
cut-constructible” part of the amplitude could be obtained by setting u — 0 in each of these
coefficients, inside the expansion of the amplitude in master integrals. The complete D-

(2.8)

dimenstonal amplitude requires dealing with this u-dependence. Here it is enough to apply
the polynomial reduction identities given in [[[§, PI]. These identities assume polynomial
structure of the coefficients C'(u), which is proven in the present paper, and which may
also be deduced within other approaches [BY]. However, if we desire a result only through
O(€%), it may be more efficient to use the dimensionally-shifted basis discussed in 9, 9.
We shall return to this point in the following subsection.

From the initial expression (R.6), we extract all the necessary information, as follows.
First, notice the triplet of integers

(m, k, n=m —k) (2.10)

which will play an important role. In particular, the value of n constrains the basis of
master integrals [l fl]. If n < —2, there are contributions only from boxes and pentagons. If
n > —1, contributions from triangles will kick in, and finally if n > 0, bubble contributions
show up as well. This pattern is well known from traditional reduction techniques.

Second, we use the values of K, P;, and K; from the expression (B.§) to define the
vectors @;, R, and related important quantities, as follows:3

K;-K

K? - K; K
o= 5 — (2.12)
P K
p=p- 2Ky (2.13)
P -K
g = -3 (2.14)

3These definitions apply specifically to the case with massless propagators. Only a slight modification
is necessary for massive propagators [E,



Qj(u) = —(V1—u)g; + oy K, (2.15)
- —(VI—wK; + (i—(l—\/l—u)KJ'K> K (2.16)

Ry(u) = —~(VI= wp, + ;K (2.17)
= -—(VI—uwP - (1 \/ﬁ)PjK'QKK (2.18)

One important observation is that
g - K=p;-K=0. (2.19)

At this point, we wish to make a few more remarks.

e The input quantities are given by K, K;, P;. From this we can define g;, a;,pj, 5;
and @Q;(u), Rj(u). We make reference to the number of these vectors, encoded in the
triple of integers (m, k,n).

e To simplify notation when we set v = 0, we will write expressions such as Q;(u = 0),
or just Q.

e The coeflicients of the master integrals are polynomials in . In this paper, we shall
find that the maximum degrees of these polynomials are the following. Pentagon: 0.
Box: [(n+2)/2]. Triangle: [(n+ 1)/2]. Bubble: [n/2]. Here, [d] denotes the greatest
integer less than or equal to d.

For a renormalizable theory we have n < 2; thus we have the maximum degrees of 2
for boxes, 1 for triangles, and 1 for bubbles. These degrees are consistent with [[7, B9

and [R9.

e Knowing the maximum value of the degree of the polynomial in u, we can then
calculate the coefficient of u® by the formula

1 d°C(u)
= = 2.2
sl dus u_>07 (2:20)
o)
TR 1 d°C(u)
= E — s, 2.21
Clw) sl dus uqou (2:21)

s=0

The expression (R.2(]) is central in this paper. Since ¢s now has an expression where
u does not appear (as indicated by the right-hand-side of expression (R.2()), it can
be evaluated numerically.*

4See [@] for another approach that is possibly more efficient.



Summary of coefficients of 4-dimensional master integrals. For the box coefficient
with momenta K, K, K,

(K2)2+n Hfi_? <PST,1’R]"PST,2]
2 <Psr,1|K|Psr,2]n+2 Hle,t;éi,j <Ps7‘,1|Qt|PS7‘,2]

C[Qrv QS’K] = + {Psr,l — Psr,2}> .

For the triangle coefficient with momenta K, K,

(Kz)l—i-n 1 1
2 (VA (n+ 1)1 (Pyy Pyo)"t!
y dnt1 ( Hfi? (Ps1 — TPs 2| RjQs|Ps 1 — TPs 2)
drntt Hle’#s (P51 — 7Ps2|QiQs| P51 — 7Ps 2)

C[QS,K] =

+ {Ps,l — Ps,2}>

7=0

For the bubble coefficient with momentum K,

n q 19 kK n
ot = ey S (Bﬁ?i_q<s> + 303 (B (s) - Bﬁij;f:f?%s)))

!
=0 T

where we have made the following definitions:

0) d" 1 (2n - K)t+
Bn,t(s)z—n TN - AN
dr\n!nK |n]™ (t+1)(K?)
o LIS R(E +sml) >

n Z—)K—T~ 3

(TR QK + sple) T
By = UM @ (1 (P Pl Pl
" VAT (P Pro)tdr? \ (E+1) (P — 7P| K [P ]

(Pry — 7P| Qun|Pry — 7Pro) TIIZT (Pry — 7P| R (K + sn)| Py — TPy ) )‘
7=0

X
(Pra—TPranK| Py —7Pr2)  TTh_y o (Prt =T Pr2| Qp(K + 50)|Pry —7Pr)

— (_1)b+1 d_b 1 (Pr,2 - TPr,l‘n’PrQ]H_l
VAT (B Bo)t At \ (8 +1) (P — 7P [K|P o)
(Pra—7Pr1|Qu| Pra—7Pr 1) T (Pro— 7P| R (K +50)| Pra—7Pr1) >'
7=0

X
(Pra—TPranK|Pra—7Pr0)" T TIoy i (Pra—TPra|Qp(K + s1)|Pra—s7Pr 1)

Note that the prefactor ¢(x?) has not been included in these formulas for coefficients.

2.3 Some important constructions from input quantities

Given two momenta S, R, we construct two null momenta. If R2 =0 and S? =0, R, S are
themselves the two null momenta. If at least one of them is not null, for example R? # 0,
then we construct two null momenta as follows.

_ —28-R+/A(S,R) _ —28-R—+/A(S,R) (229)
= 2 3 — 2 ) *

9R 2 2R

Pisryi =S +mR, 1



where
A(S,R) = (2R - S)* — 4R*S?, (2.23)
Then, the following quantities necessarily vanish.
0 = (Pls.mlSIPs rya] = (Pis ryl S1Ps mya
= (Pis,r)1|RIPs,ry2] = (Ps,ry2| RIP(s.r)1] - (2.24)
We shall use the following identity:

(PVIP) (P W|PY] = tr (1 LNy /w)

= S((2P - V)(2Py - W) + (2P - W)(2P> V)
—(2P - P)(2V - W) — dicuo, PIVVPSWP).  (2.25)

Any four-dimensional momentum K can be expanded in a basis of four other indepen-
dent momenta K;, K, K,,, K, by

K = ame + anKn + a,-Ki + CL]'K]', (2.26)

where the coefficients are given by

A — G(KiaKaKj7Kn) 4. — G(KlaKmaKjaK)
" e(Kiy K, K, Kp)' " (K K, K, Ky)'
K. K,,,.K; K K; K. K. K
a; = E( s BAmyy n)’ a; = E( iy my £y n) (2‘27)
E(KimeijyKn) E(KuKmaKjaKn)
with
(K1, K2, K3, Ky) = €,pe KV KY KPS, (2.28)

(K17KJ7K77L7K7L7 )

At times, we will write these coefficients in the form a,, to emphasize the

related quantities.
2.4 The dimensionally shifted basis

Since, as we shall demonstrate, our coefficients are polynomials in u, we can translate this
information into the dimensionally shifted basis [[[J]. More explicitly, if we define

aPp por pom

Dipaa aml — _i(4r D/2 .
AP ... pon] = —ild) /(%)D ) (P ke O
then we have
I£L4_2E)[(N2)k] _ L'k — ¢ [(4—264—2’6)[1]. (2.30)

I(—e) "

There are two merits of using this basis. First, we can throw away all O(€) contributions
to make the calculation easier. Second, we improve efficiency. To use the recursion and
reduction relations, we first calculated all the contributions by reduction to boxes, triangles
and bubbles, and then added them up. With the dimensionally shifted basis, this process
of reduction/summation can be done in one step, simplifying calculations. The usefulness
of this dimensionally shifted basis has been discussed in [p3, RJ]. Here, for reference, we
discuss this evaluation in appendix [Al.



3. Triangle coefficients

Now that we have the necessary background information, it is simplest to start with the
coefficients of triangles. Some features of this discussion will apply to bubbles as well.

3.1 Simplifying the formula

We write the formula for triangle coefficients from [ in the notation of the previous
section, emphasizing u-dependence.

—_

(K2)1+n
2(v/A(Qs(w), K) )™+ (n+ 1)! (P (), )1 (#) Pl uy,x)2(w)""
dntt < (P 1) () =T Pq (). 1602 (W) | Ry (0) Qs () | P, (. 101 () =T P ) 1cy:2 (1))
AT\ [Ty it (P@a ) 001 (W) = TP, (). 1002 (W) Q1 (w) Qs () P, (), 101 (1) =T P ) 152 (1))

ClQs(u), K] =

(3.1)

)
’THO

HPQu (w), k)1 (1) < P(st),K);z(U)})

where the Pg, (), k1,2 (u), as depicted in the indices, are constructed in terms of Qs (u), K,
as defined in (2:29), and depend on w. In principle we can put (B.J)) into (B20) to take
derivatives. However, the u-dependence everywhere might be an obstacle to taking stable
derivatives in terms of u in (R.20). In this subsection, we recast this u-dependence in a

simpler form.
Using the definition of @ from (R.1§), and the property (R.19), we find
from (2.22), (2.29) that

A(Qs(w), K)(u) = (1 —u)(—4¢iK?),

_ —20, K2 £+ /A(Qs(u), K)
5 )

2K

ng(u)

When we take the square root of A(Qs(u), K), there is a sign ambiguity. It can be shown
that the choice of sign does not affect the final result. To be explicit, we choose the minus
sign here, i.e.,

VAQs(u), K)(u) = —vV1—uy/~4¢2K? (3.2)
z12(u) = —V1—u <if_{7§K2> — Qs (3.3)

=—-(VI—-uwyi2— as, (3.4)

where we have defined new scalar quantities, yi 2, as follows:

27172 2 27172
V—@2K V(K- K)? - K2K
V= e . (3.5)

Y12 =
With these results, we can see that

PQ. ), x);i(w) = =(V1 —u)gs + as K + zi(u) K
= - 1_U(QS+yiK) = _(Vl_u)P(qs,K);i- (3'6)



The u-dependence has been factored out; here the null momentum Py, x; does not depend
on u, since it is constructed from ¢y, K — as indicated in the subscript indices.

Substituting (B.9) and (B.§) back into (B-1), we find that the factor v/1 — u has cancelled
out. Thus we have

- (K2)l+n 1
2(—vVT =) (VA K™ (n+ DN Py o Plassy)
@ (T (P 1—7qu, 2l Ry (w)Qs (1) | Py, i1 =7 Plgu,)22)
drr it Ht:1,t7és (Plgs k01 =T Plgu 1021 Qe (W) Qs (W) [ Pg, 101 =7 P, K)52)

HP(‘]s,K);l A P(QSyK)Q >

ClQs, K

7—0

To simplify further, apply the identity (¢|QQ|¢) = 0 to derive

(QU0)Qu0)1) = (@)~ 210, (0. (16) =—vI=a ({0~ 20 )2. (0 ) 31
(15 Q010 = (1500~ ZQu)Qule) =T (- L autwl) . 339

If we define two more vectors g, p; by

~ [0
a = (qt — a—tqs), pi = (pj — —=4qs), (3.9)
S

then we use the identities (B.7), (B-§) to conclude that

(K2)in 1

2(v/Algs, K))"+t (n+1) !<P(qs 1 Plgs,K)s2 >n+1

X drt ( Hfi? <P(qs,K), Tqu, ):2|Pi Qs (u)| Py, k)1 _TP(quK)%2>
drntl Hle,#s (Plgu, i)t — TPgu,1):210:Qs (W) | Pg. k)1 — TPgu k0):2)

C[QS,K] =

P, k)1 < Pk 2}) (3.10)

T—0

Compared to (B.1]), the u-dependence in (B.10) is much simpler; all u-dependence here
comes only from Q4(u). Thus, (B.10) is well suited for use in (R.2Q).

How to use the formula (B.1(). The degree of this polynomial in u will be seen to

e [(n +1)/2]. Thus we can get the corresponding coefficients by taking derivatives in u
first (from 0 to [(n+1)/2], to get coefficients from each term in the polynomial), and then
setting u = 0.

— 10 —



For example when n = —1,0 we can set u = 0 directly and get
(K2)n+1 1
2(v/Alas, D™ (Ply, )1 Plasrra)”™
dntt ( Hfi? <P(qs,K) 1 — T, K 2|p]QS|PQS7 1~ TP, i) >
drntl Hf:l,t;és <P(qs, )1 — TP )20 Qs | Pg, 1)1 — TP(qs,K);2>

ClQs, Klnego,-1y =

, (3.11)

T—0

+{P(QS7 ;1 A P1157 2}>

which is suitable for numerical evaluation. For n = 1,2 the result will take the form of a
linear polynomial, ¢y + cju. To get ¢; we take one derivative, using

dQs(u)
du

as
=2 12

u=0

In appendix [B, we have explicit expressions, free of derivatives, for triangle coefficients
when n < 2.

The formula (B.10) contains u in both numerator and denominator, so it is not so
obvious that the total result is simply a polynomial in u. The proof of this property is
given in the next subsection.

3.2 Proof that the triangle coefficient is a polynomial in

We start by considering two quantities that arise in our expressions, in the course of taking
derivatives:

B = (P, k)2PiQs (W) Pg, r0y1) + (Plge )11 Qs (W) Plgy i0y:2) (3.13)
Ey = <P(qs,K);1’ﬁjQS(u)’P(qs7K);l> <Pq67 Z‘p]QS( )‘qu, );2 > (3.14)

By writing Qs(u) as a linear combination of the P, r).,

Vi—u  a, Vi—u  ag
Qs(u) = <— 3 + ﬂ P(q57 )l — 5 + 2 P(q57K).2, (315)
and recalling that ¢, - K = p; - K = 0, we find that
a K2 -
E, = —7%_(12}{2 (2p; - 4s) <P(qs,K);1 P(qs,K);2> : (3.16)
All u-dependence has dropped out of this expression.
For FEs, similar manipulations show that
2 - K?a?
By = (P, k01 Plgoi)2)” (695 — (s - 1;)%) <—q2 +1- u) : (3.17)

which is a polynomial in .
Now we prove that the full expression (B.10) for the triangle coefficient is a polynomial
in u. Throughout this proof, let us abbreviate Qs by @ and P, r),; by P,

— 11 -



The triangle coefficient is given in terms of derivatives with respect to 7 on an ex-
pression where the 7-dependence appears in the factors (P, — 7P |p;Q(u)|P1 — 7FP) (in
numerator or denominator). After taking the derivatives, we set 7 = 0. In this process we
will produce the following three combinations: (P;|p;Q(u)|P1); E1; Eo. It is easy to see
how the first two combinations arise. The third combination, Es, appears, for example, in

> (PL — 7P |p;Q(u)|PL — TPy)  —2(P1[p;Q(u)|P1) (Pa|p;Q(u)| P2)

dr? B (P1lp;Q(u)| 1)

Consider the 7-dependent factors in the denominator. With each derivative, we
effectively add one overall factor of (P; — 7P| XQ(u)|Py — 7P) in the denominator
and place one new factor, either ((P1 —7P|XQu)|P) + (P|XQ(u)|P —1FP)) or
(=2 (P| XQ(u)|P2) (P1|XQ(u)|P1)) in the numerator. After taking n+ 1 derivatives, there
are (n + 1) additional factors (P; — 7P| XQ(u)|P1 — 7P) in the denominator. Thus, we
have exactly k + n factors of (P;|XQ(u)|P;) in both numerator and denominator (after
taking the 7 — 0 limit). The u-dependence is exactly cancelled in this part, since we have

(PXQu)[P1) _ (P1|X]|P]
(PX'Q(u)|Pr)  (P1[X'| P

(3.18)

The remaining u-dependence comes only through the factor Es in the numerator. By
our previous calculations (B.16) and (B.17), we see that indeed our final expression is a
polynomial in u. Since every sequence of two derivatives in (B.I0) will produce one Es

factor, the degree of the polynomial is [(n + 1)/2].

4. Bubble coefficients

Our proof that bubble coefficients are polynomials in u is more complicated than the one
for triangle coefficients, so many of the details have been relegated to appendix [J. Here we
present the simplification of the u-dependence in the formula for bubble coefficients. The
idea of the proof is consider the bubble coefficients are polynomials in v/1 — u, and show
that the odd powers vanish.

4.1 Simplification
The coefficient of the bubble integral with momentum K is given by [27]

O[K]=<K2>l+"z(q,)—qdi< (543 3 (B0 o) - B >)> ()
= r=1 a=q s=0
where
B (s) = dar 1 (2n - K)**!
nt\8) = g \ SR ol (6 + (K2
I R, @) U + sl e ) )
() TTE, Q) (K + syl 71T )

— 12 —



(_1)b+1
b+1 b
AQr(w), K) " (P, (w1 (W) Plq(uy,k):2(1))
t+1
d < 1 (P, (u) = TPQ, ). x)2 (W1 PQ, (), k) ()]
b t+1
dr \ (¢ +1) (P, w50 (W) = TP, w502 (W) | K| Pq, (u). 501 ()]
b
" (P(@, ()51 () = TP, (u),5)2(W)|Qr (WD P, (w), k)11 (0) — TP(Q, (u), K2 (1))
n+1
(P, )1 () = TP, w), k)2 (W) K| Pq, (), k)1 () = TPQ, (u),K);2(w))

B (s)

125 (Pqy ()10 (W) =T P, (uy. )2 (W) | R () (K + 51)| P,y 101 () = TP w162 (1)) ) (4.3)
15y ot (P (w501 () =T P, (). 152 () | Qp (W) (K +51) | P, ) )51 () = TP (. )2 (W) |
BX;M)(S) = _ (_1)b+1 :
BVAQ(u), K) " (P x)1 (1) P@, ), x52(w))
d_" < 1 (Pla,w,x)2() = TP, w0 (W) Po, @, 02w)] "
dr® \ (t+1) (P, (u, 12 (1) = TPy, 101 (WK Py, 102 ()]
" (P, (w52 (W) = TP, (). 1)1 (W) Qr (W) P, (), 50):2 (1) = TP, (w1001 (1))
(P, (). 5):2(1) = TP, (w101 (WK P, (). k)2 () = TP (w501 (W)
[0 (Plon .02 () =T Py, k)i () | R (w) (K +851) [P, (), 5):2(1) =T P, (), 1)1 () ) (4.4)
It pr (P, 692 (W) =T Pl (uy, 1)1 ()| Qp () (K +1) [P (u), 1y2(w) =T Py, iy (W) |

In this expression, since P, (u),x);1(u) and A(Q;(u), K) depend on u, we want to simplify
the above expressions as we did in the triangle case. Using (B.9) and (B.6), we see that we
can pull out some factors of /1T — u, giving®

1
B(VT =)+ /Alg K) T (P xa P b
u q7‘7 < (q’f“v 7 (qT'vK)§2>
1
db 1 <P(QT' K) - TP(‘]m '2|77|PQT7 §1] "
(t+1) (P, k1 — TP )2l K| Pigricya]
b
Pl 01— TPy ¢ -2|Qr(u)77|P<qr 4 TP<qr, )2)
n+1
(Plgy 151 — P, 1012 K [Pg, 1y — TPig, r12)"
H;L:f <P(qr-,K);1 - TP(qu);2‘Rj(u)(K + sn)\P ) 7'P(qr, K);2 > )
[ i (Plar i)t — TPy )21 Qp (w) (K + sn)lP (arK)i1 — TP g K):2)

QM

X

Similarly, for the function B( rib; 2)(3, u),

7(:;1);2)(87”) = 1b+1 b
bI(v1 —u)t\/A(q, <P(IIT7 )1 P(qr,K);2>

xd—b< 1 (P2 — P4 K |77| (gr, K 72}t+1

T \TTD By 2 — P st K P o]

5One way to see it is to choose !P(Qr(u),K);» = !P(qr,K);» and |Pq, (v),Kx)5i) = —V1 —u|Pyq, k):l; the
factor —/1 — u cancels out immediately.

- 13 —



b
(Pgr.i)2 — TP, 1)1 1Qr (Wn| Py, k)2 — TPgr i0):1)

X

n+1
(Plg,,i)2 = TPg, k)1 11K | Pg, k)2 — TPg, 10):1)
n+k <PQT7 32 _TP(QMK)J‘R]'( )(K—FST])‘th 7 TP(QM )1 > ) (4 6)
H',ﬁzl,p# (Plgr k)2 = TPy, 1)1 |Qp (W) (K + s1)| Py, )2 = TP i) ) |y

So, the bubble coefficient is now given by (f.1]), (£2), (E.5) and (.6). Unlike the
triangle, since we now have factors of the form (¢|Q(u)(K + sn)|¢) instead of (£|Q(u)K |¢),
we cannot pull out further factors of /1 — u. In these expressions, the only u-dependence
is coming from R;(u) and Q¢(u), which is much simpler than the original formula.

The best way to use these formulas is similar to the triangle case. We can see from the
formulas ({.9), (E.9), (J.6) that the degree of the polynomial in w is [n/2]. Thus we can
get the corresponding coefficients by taking derivatives with respect to v and then setting

u =0, as in (R.20).

5. The box and pentagon coefficients

Now we consider the box coefficients. This is the most complicated part, although the
formula is the simplest! There are two reasons for the complexity. First, the box coefficients
contain not only true box coefficients, but also pentagon contributions, indicated by a linear
factor (au + b) in the denominator. We should be able to separate the box part from the
pentagon part. The second reason is that the null momenta P Q; (u),Qi(u));s depend on u in

a very nontrivial way (as Q;(u) + z,Q;i(u)), unlike the cases of triangles and bubbles.

(¢i,95,K)

Given the vectors Q;, Q;, K we can construct a vector g, orthogonal to all three:

iy ’7K — 1
(QO);(Lq %K) = K2€uup§% quﬁ (51)
1
= Tz Cunc K} K’K®. (5.2)

We shall make use of our collection of orthogonality relations:

Q% =9 ¢ =q K=0 (5.3)

Observe the fixed ordering of ¢;,q; in the definition B2 of q(q“qJ ),

them leads to a minus sign difference. The ordering is connected with our definition
Pji = Qj + xQ;.

Because new features arise in different cases, we have divided our discussion into the
three cases k =2, k=3, and k > 4.

In the process of simplifying our expression, we also demonstrate that the coefficients

Exchanging

are truly polynomials in . Thus this is a constructive proof.

— 14 —



5.1 The case k£ =2

In this case, there is exactly one box, whose coefficient is given by

(K22 <H;‘;2 <P( Q;(w),Qi(w)); 1(u) [ Rs (u )‘P(Qj(u),Qi(u))ﬁ(“)]

2 n+2
(P@, .0y (WK Pg, (u),czi(u»;z(W]

HPQ,; (w),Qi(w) (W) < P(ij),@i(u));z(u)}) :

Later, we will reduce the other cases to this expression as well. Now we carry out a detailed
calculation to show that the u-dependence is polynomial, and we find an expression where
the u-dependence is easier to see.

In the numerator, the factors Rs(u) have wu-dependence in the form Rg(u) =
—(v/1 = u)ps+PBsK (here we do not assume any particular form of 3), with ps- K = 0. Thus
the vector ps can be expanded in a basis of the three-dimensional vectorspace orthogonal

to K, as follows.

iy ’7K; s iy '7K iy ’7K; s iy '7K; s
psza(()q aj p)q(()q qj )+az(q qj p)qi+a§q qj p)qj. (5.4)
The coefficients in this expansion are:
(9i,45,5;ps) (ps - ql’)qu‘ — (ps - ¢5)(qi - 45)
a; = ST 3 (5.5)
a;q5 — (¢ - ;)
(¢i,95,K3ps) (Ps : %‘)%’2 - (ps ~qi)\qi - Qj)
a; = (5.6)
J 2.2 _ (4..4.)2
a;qi — (¢ - 4;)

(u )
a(()‘]iv‘]ijQI?s) (ps b ) E(pqubqjv )_ (P K K K) (57)

( (()qlquvK))2 K2( éqlvqavK))z K2(q (%7‘1]7[{))2 '

Using this expansion, we can write

Ry(u) = a(()‘]iv‘]ijQI)s)( B (\/ﬂ)qé‘]iﬂij)) +a§Qiyqj7K§ps)Qi(u)

+a§_‘1i7‘1j7K§p8)Q]( ) + ﬂ(qw‘b’ iPs) K, (5.8)
where we have defined
ﬂgqi7qj,K;ps) = (/85 . al('QiHj,K?ps)ai o ag‘]i,‘]ijms)aj)' (59)

Using the result (2.24) that

we have

(s .01y (IR (WP ()01 0y2 ()]
75 '7K7 s 1347
= —(VI = w)ag ") <P(Qj(u),Qi( 1@)1g5" P .0uapi2 (1)

( (2} ) WS
et <P(Qj(u),Qi(u));1(u)|K|P(Qj(u),Qi(u));2(u)] : (5.11)

— 15 —



Thus, we can write

2
7 (Pl w.@:wy (0B (W) P, .12
n+2
(P@y.@:91 (K 1Pig .01y ()]
h
2 -’ <P(Qj(u),Qi(u));1(u)|q(q“q“ 1P (), @i (w)); 2(“)]

_ZC(QM‘]J? -
(P, .09 () K 1Py .01y ()]

Here we have defined

(5.12)

iy "7K iy 7Ky s iy 7Ky s
C}(lql aj,K) _ Z H a(()‘lz qj,K;ps) H ﬁng a5, K;p ), (5.13)
SC{1,2,...,n+2} SES seSe
|S|=h

where S¢ denotes the complement of S: S¢={1,2,... ,n+ 2}\S.

Now we can show that the box coefficients are indeed polynomials in u, in this case
where £k = 2. By the above expansion, the coefficients are given by sum of the following
typical terms. (To simplify the formulas in this proof, we shall now write Pj; o(u) in place

of P, (u),Qi(u):a(®).)
(—VT = w)" (Pji(u)lgo| P2 (w)]" n (—vVI=w)" (Pji2(u)lgo| Pyt (w)]"
(Pji1 (w)| K| Py o (u))" (Pjia(w)| K| Pyi 1 (w)]"
h
S — n (Pji (u )|QO|sz2(U)] (Pji2(u) | K| Pji (u)]
( ) (Pji,1 (w)| K| Pji2(u )] (Pji2(w)| K| Py (u )]h
+< jz2( )|QO|PJH( )]h< le( )|K|sz2( )]h
(Pji ()| K| Pyia(w))" (Pyia(u )|K|Paz1( )"

(VT (20 - u) AW, Q)i K?)"
(K201 = w)2[(24; - 0;)* — 44} q]])h
(~2i(1 = u) /AQi(w), & (w)aK2)" |
(K20 - wPl2a ) - 42?)"
We have used the following results (making repeated use of the identity (R.29)):

K2
Qi(u)?

(Pjia(u)|qo| Pji2(w)] (Pji2(u)| K| Pjin(u)] = 2i(1 — u)

(5.14)

+

(5.15)

(Pji1 (W) K[ Pji2(w)] (Pji2(w) K| Pjia ()] = (1= w)*[(2q: - 5)* — 447 q;)

VA, QW)
Qz‘(u)2

o Y@L Q) o

Qi<u>2 ok

@K

(Pji,1 (W) K| Pji 2 (w)] (Pjia(w)lgo| Py (w)] = =2i(1 —

and

AQi(u), Q5(w) = (1= w){ (1 = w)(24; - 4))* ~ a3

K050 (2a - ;) — a?a? — a2ef] | (5.16)
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Equation (p.15) is our most important result in this subsection. There we can see that

2h in the denominator is

when h is odd, we get zero. When h is even, the factor (1 — u)
cancelled by corresponding factors in the numerator. (Notice the overall factor of (1 — u)
within A(Q;(u), @j(u)).) Thus we see that indeed the expression (p.14) is a polynomial in

u, specifically,

2(20)" (g3)"{ (1=w)[(24i-q;)? —4q2 a2 +4K [0 (24;-q5) —aZq? —a? ]}h/2
[(24:- qg)2 4q7q31"
0 for h odd.

for h even, (5.17)

n+2]

It is clear that the maximum degree of the polynomial is [*5=].

5.1.1 A simpler expression for k£ =2

The aim of this sub-subsection is to find another expression with the same value as (5.17),
but with more transparent u-dependence. We have just seen that all u-dependence has
cancelled out, except for the second factor of (1 — u) in the first term of A;j(u), as it
appears in (5.16). Since (f.17) is now an expression in terms of scalar quantities, we can
consider the effect of setting u = 0 at the beginning of the calculation. Recovering the
expression (p.17) then requires the following single modification:

1wt AK 2[00 (24595 )03 45— g7
(29i-q)? 44} a5

(4i,95,K) (4i,95) (@5,45,5)  (qi,a5) (,,) —
q —Q u)q , « u)= . (5.18
; (wa} O e 19
(2¢i-q;)%>—4q? q]
Then,
(VT (P il Pa(w)" (VT (a0l ()
(Pji,1 (u)| K | Pji o ()" (Pjia(u)| K| Pji g (w))"
h
_ (Pjiau = 0)[al499) (w)(—qo)| Pji2(u = 0)]
(Pjia(u = 0)|K|Pji2(u = 0)]"
s h
+<Pji,2(u = 0)]al%:%) (u)(—qo)| Pyi (u = 0)] (5.19)

(Pji2(u = 0)|K|Pj;1(u = 0)]"

Now, all of the u-dependence is concentrated within the (%:%)(u). Going back to (5.13),
we can perform a similar operation:

TT72E2 (Pyii (w)| Rs (u) | Pji o (u)] .
<1ﬂl( K\ Proa(u)] + {Pji1(u) < Pjiz(u)}

LS <le?1(” = 0)| Ra(w)|Pjia(u = 0)]
(Pji,l(u = O)IK\]DJ,72(u = 0)]"+2

+ {ij(u = 0) s ji72(u = O)} (520)

where we have defined

Ry(u) = a(()qhqij;ps)a(Qiﬂj)(u)(_qo) + @qi,q]wK;ps)K. (5.21)
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With the definition (5.9), we can rewrite Ry(u) as
R, = g ") (@09 (u) = 1)(~q0) — a™ PV Qi(u = 0)

~a\#EP)Q (4 = 0) + Ry(u=0).

Now we make use of the properties
(Pji(u=0)|Qi(u = 0)|Pji2(u=0)] = (Pji1(u = 0)|Q;(u=0)|Pji2(u=0)] =0,

and the fact that Ry(u) is defined such that the equation ([.20) is satisfied, we can drop
the terms with Q;/;(u = 0), so that

(2 '7K
q(q q5,K)

=S Ps - s 1,05,
) =% gy (@0 - D(=g")) + Ry(u=0). (5.22)

Equations (p.20) and (f.29) are our final simplest result. All u-dependence has been pack-
aged inside (a(%9) (u) — 1), which is zero when u = 0. Also, it has now become clear that

the degree of the polynomial in w is [(n + 2)/2].

Summary. The box coefficient for k = 2 is given by

(K2)2+n (H?ilz (Pa,001 Bs(@IPg, 002)

ClEi, Kjlk=2 = — nT2
<P(Qj,Qi);1|K|P(Qj,Qi);2}
HPq e < P(Qj,Qi)a})a (5.23)
with
- Ds - q(Qiy‘Iij) o (Q' @ K)
Rut) = Bl () = (™) + Refu = 0), (5.24)
90

Let us emphasize again that Pq, g,).q 18 constructed from Qj(u=0)+2,Q;(u=0), so it

)

is independent of u.

5.2 The case k£ =3

In this case, we will see the pentagon show up, and we shall learn how to separate boxes
from pentagons. Again, we shall abbreviate the notation of the vector P@;.0):a by Pjia-
We evaluate an expression of the form:

[T (Pji1 (u) | R (w)| Pyi o (u)]
(Pjig (W) K | Py o (u)]" 2 (P 1 (u)| Q1 (u) | Pyi 2 (w)]

Again, we would like to expand Rg(u), or equivalently ps, in a suitable basis of the vec-

torspace orthogonal to K. In this case, we do not need to construct the vector q((]qi’Qj ’K),

+{Pjia(u) & Pjiz(uw)}.  (5.25)

because we now have three vectors g;, g, ¢; available already.

P, = agqhquqt;ps)qt +al(qi7qj,qt;ps)qi +a§‘1iy‘1jy‘1t§ps)qj. (5.26)
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Thus,

(Pjii (u)| R ()| Pia ()] = al™ %P (P (w)|Qu(u)| Pyi2(w)]

+ﬁ§qi,qj,qt7ps)< Pji1 (w)|K|Pjio(u)], (5.27)
where we have defined
§inqj7qt§ps) = (3, — Z ai:h’,‘]jvqt;ps)ah). (5.28)
h=i,j,k

Now we can expand the rational function within the coefficient formula:

T1253 (Pjia (w)| R (w)| Pi 2 (w)]

(Pji1 (W)|K | Pji 2 (w)]™ " (Pji1 (u)| Qe (w) | Py 2(w)]
n+3

_ C(‘]iﬂ]jy‘]t (PJZ 1( )’ t( )‘le 2( )]h 7 5.29
2, C (Pyit (W) | K | Py (u))" ™ (Pt ()| Qe ()| Py p(w)] (529

where we have defined

C(in‘]j#]t) o H (9i,95,qt;ps) H B(qz,qj,qt,ps
N = E

SC{1,2,...,n+3} SES sese
|S|=h
Now, break the sum (p.29) into two parts, by separating the term with A = 0 from the
rest. In every term with h > 0, the factor (Pj;1(u)|Q¢(u)|Pji2(u)] from the denominator
is cancelled by the numerator. What remains is a term in the form we considered in the
previous subsection, the case k = 2. That part contributes only to boxes. We shall return
to that part in a moment, to find the exact box contribution. Notice that we can observe
at this point, from the comparison to the k = 2 case, that the degree of the polynomial is
again [(n + 2)/2].
The term in (5.29) with h = 0 is
"ﬁ“’ gaaraip _(Pria (0] K|Piia(w)]
< i, 1( )|Qe(u) | Pji 2 (u)]

The cut of a pentagon integral has been analyzed in [RI]. We clarify its u-dependent
behavior in appendix 0. It is directly related to the sum of three cut-boxes. The part of
the cut-pentagon that is related to the cut-box C[Q;, Q;] is

1 < (Pji,1 (u) | K| Pjia(u)]
2K? < jzl( )|Qt( )|PJZ,2( )]

Thus, we see that this h = 0 term is exactly a pentagon contribution. The coefficient of

P () jz-a(u)}) | (5.30)

the pentagon integral must be

n+3

ClQi, Q). Qi) = (K2 T gLt avs), (5.31)

s=1

— 19 —



which is entirely independent of w.

Now let us return to the box coefficients, using our result (5.23), along with the defi-
nition (p.23) applied here to the vector Q¢(u) instead of Rq(u).

$- o) (Bra(lQu(w)| oo (]
h —
(Pji (w) K| Py o))"

~ h—1
w3 (Pria (= 0)@u(w)| Py = 0)]
_ Ch‘h,%,qt e
h=1 (Pji,1(u = 0)|K|Pj;2(u = 0)]
~ h
nts o <P]zl(u = 0)|Q¢(u)| Pji2(u = 0)]
— Z C}EQZvQJy‘]t)
= (Piia(u = O)| K| P = 0)]" " (Pisa (u = 0)]Qe(w) | Pyia(w = 0)]
n+3

(Pji,1 (u = 0)|K|Pjio(u = 0)]
Pjia(u = 0)|Qu(w)| Pyia(u = 0)]

. ﬁglh'ﬂquﬁps)
L

17 <Pm<u = )| Ra) Py = oﬂ

(Piia(u = 0) K| Pyiz(u = O] (Pyi (u = 0)]@o(w)| Py (1w = 0)]

n+3
. H /B(Qi:[b:qtms) (Pji,l(u = O)’K‘szﬂ(u = 0)]

i (Piia(u=0)[Q:(w)| Piia(u = 0)

In the last line of this equation, we have defined

ﬁs(u) _ agqi,qj,qt;ps)@t+5§qi,ijqt;Ps)K (5.32)
ag‘l&‘lj7qt§PS)a(()‘Ziv‘Zij§Qt) (o995 () — 1) (—qp)

+R(u=0)— > a{BPIQ (u=0).

Y=1%,J

The cumbersome double-tilde notation is a temporary inconvenience, to avoid confusion
with Rs(u), which was defined in (5.21)) for the case k = 2. In fact, we shall discover later
that the two quantities are identical.

Using the property (Pji1(u=0)|Q;/;j(u=0)|Pji2(u=0)] = 0, we can redefine this
vector as follows:

RS(U) - ag‘]i7Qj7qt§ps)aéQi7Qj7K§Qt)(a(Qi,Qj)(u) _ 1)(—(]0) + Rs(u — 0)' (5'33)
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Finally, the box coefficient is given by
3 =
1% (P00l Rit)IPi0, 002

n+2 ~
L (GINeRE ’K\P(Qj,c)@-);z] <P(Qj,c2i>;1!Qt(U)\P(ijQg;z}
n+3

. ﬁ§Qi,qj7qt;ps)
S

2\2+n
ClQi, Qjly=3 = (K2) . <<

(P, @01KIP @, 002]

P(Qj,czi);l!@t(U)!P(Qj,Qm]
+{P(ijQi)§l A P(ijQz‘)ﬁ}) . (5.34)

As an alternative to the expansion (5.26) of ps in the basis ¢;, g;, g1, we consider another
expansion:

p= Y ol (5.35)
a=K,K;,K;,Ki

By projecting equation (f.3§) onto the vectorspace orthogonal to K, and comparing
with (5.26)), we see that
ag,K7Ki7Kj7Kt;PS) — aggiﬂjvqt;ps)’ w = Z,],t (536)

The advantage of the expansion (b.3J) in four vectors is that we can solve for the
coefficients explicitly, as in (R.24), and find

o . K; K; K, P,
angqﬁths) _ aEKthKJ’Kt’PS) — 6( J ) (537)

Thus, using (p.2§), we have

K?e(Ps, Kj, K, K;) + K7e(K;, Py, K, K;)
K2%(K;, K;, K, K;)

K%(K;, Kj, Ps, K;) + K}e(K;, Kj, K, Ps)
K2%(K;, K;j, K, Ky)

ﬁ(Qiﬂjvqt?Ps) _
S

With the formulas (5.37) and (.7) for the expansion coefficients written in terms of input
vectors, we can simplify the following coefficient in the definition (F33) of Ry (u):
a(‘]iﬂjvqﬁps)a(Qi7[1j7K§qt) __ E(Kiv Kjv K, PS) E(Ktv K, Kj7 K)
! 0 e(Ky, K, K, K) Kz(q((]qquwK))z
o 6(P87 K’i? K]? K) — a(qm‘]j,Kms)
S |

We conclude that
Rs(u) = Rs(u), (5.38)

where the definition of R,(u) is taken from (5.29).
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5.2.1 Summary of k =3
The pentagon coefficient is given by

n+3

ClQi, Qj, Q¢) = (K> T gL vravs), (5.39)

s=1

There are three boxes associated with the triplet of vectors Q;, @;, Q¢. We give the formula
for the box involving @; and ();; the other two may be obtained by exchanging indices.

K2y [T (Play.oal B (W) P, 02
ClQi, Qjly=3 = ) ~
<P(QJ,Q1~>;1|K|P(Qj,Qi>;2} <P(Qj,Qz~);1|Qt(“)|P(Qj,Qi);2]
nis <P(Qj7Qi)§l‘K’P(ijQi)§2i|

H /8(‘117‘]]7517571175

(ijQi);l|Qt(u)|P(Qj7Qi)§2:|

+{P, i1 < Pa,eo2t | (5.40)

where we have made the following definitions:

I~ Dr - q(qhqj’K) (gi,45,K)

() = B ) = D)+ R =0 (5.41)
q

_ a q(Qz,QJvK) ( ) K)

Qi) = 2B (09 () — 1)(—g ") + Qu(u = 0), (5.42)

0545,
(g )2

and

K2e(Py, Kj, K, Ky) + K2e(K;, Py, K, Ky)
K?(K;, K;, K, Ky)
K2e(K;, Kj, Py, K;) + KPe(K;, K K, Py).
K?(K;, K;, K, Ky)

/B(Qiﬂquﬁps) _
S

(5.43)

5.3 The case k > 4

If there at least four vectors K;, then we can use four of them as a basis to expand the
momentum vector K:

4
K=Y a"*EK, (5.44)
=1

Using the expression (R-16) for Q;(u), we find

4 4 1,2,3,4
(1230) 0 () _ i Gy VKR - K2
Z a; QZ o K2 :
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Use (R-22) to define the two null momenta P;(u) = Q2(u) + ;Q1(u). Then, we have
(1 2,3,4) (1,2,3 4)
(Pr(u )IQ3( P " (Pru )IQ4( )| Po(u)]
(Pi()la{** I Qu(u) + af **V Qy(w)| Pa(u)]
~ (P(w)|Qs(w)[Pa(w)] (Pr(u)]Qa () Pa(u)]
(P T a** Qi) Pa(w)|
(P @)]|Qs(w)[Pa(u)] (P1 ()] Qa(w) [ P (w)]
b e ER? - K2 (Pr(u)| K | Py (u)]

=1 "
K? (Pr(u)|Qs3(w)| Py (w)] (Pr(u)|Qa(u) | Pa(u)]
Therefore, we can derive the following identity:
1
(P1(u)|@3 ()| Po(u)] (P1(u)|Qa(w)| Po(u)]

- (5.45)

K2 1 511,2,3 4) (1 2,3,4)
S a3 g2 e (Pu(u) | K| Py(u))] <<P1(u)|Q3(U)IP2(U)] TP )IQ4( )|P2(U)]>'

i=1"
Generalizing to our case with k > 4, we have
1
k
Ht:l,t;ﬁi,g< i1 (W) Qe (w) | Pji 2 (u)]

k

3 _1

s Praa WK Prsa @] (Pyo ()] Q1 (w)] Pyia(w)]

k (4,45t,8) 72
< 1 ( o~ K )

(wvt,S) 2 2
s=1,s8#1,j,t Ea z,],s,t K - K

- (5.46)

Thus, we can write

I (P (w)| Ry (w)| Pyi o ()]
(Pji1 (u)| K| Py 2(u )]n+2 Ht:l,t;ﬁi,g< i1 (W) | Qe (w) | Pji 2 ()]

Zk: H < (i7j7t7s)K2 >
1=t s=1,5 5t \ Damijusit O albit g2 e

y [15 (P () [ R () Py ()] |
< Jt, 1( )|K|sz2( )]n+k 1< JZ 1( )|Qt( )|Pji,2(u)]
By this formula, we reduce the case with a given n, and k > 4, to the case with kg = 3,
and neg = n + k — 3. Using the results of the cases k = 2 and k = 3, we see explicitly that
indeed the coefficients of boxes are polynomials in u.
The coefficients in (5.47) can be given more explicitly using (B.27). We denote the

i K K s, Kt

quantity in parentheses by 1 /ng , and

'7 '7t7
(Ki,Kj; Ko, Ki) _ Za:z’,j,s,t a((;fj S)ng - K? 5.48
fys - (ivjvtvs)K2 ( ) )
as

= (5.47)
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KEG(K, Kj,Ks,Kt) +KJ2€(KZ',K, KS,Kt) +KS2€(KZ',K]',K, Kt)
B K2€(Ki7Kj7K7 Kt)
+Kt26(KZ’,Kj,KS,K) —K26(Ki,Kj,KS,Kt)
K2€(Ki7Kj7K7 Kt) .

The numerator of (p.4§) is symmetric in Kj, K, Ky, K;; the denominator singles out K,
which is why we use the subscript s.

5.3.1 The total box coefficient

We have just shown that when & > 4, we can use (f.47)) to reduce to terms with & = 3, read
out box coefficients for each of these terms, and eventually add them all up. This approach
was useful to prove the polynomial property. For computing amplitudes, we would like to
carry out the summation once and for all.

We have used (p.49) and (5.46) to derive (5.47). In each term on the right-hand
side of (B.47), there is one pentagon coefficient and one box coefficient. The pentagon
coefficients are uniquely associated to different pentagons, with the various Q;’s along with
Q; and @, but the box coefficients all contribute to the same box, with only @; and Q;,
so we must add them up.

Upon inspecting the final expression (5.4() for box coefficients in the case k = 3, we
see that our task is to check that equation (f.45) still holds if we replace Q4(u) by Qu(u)
and P;(u) by P; = P;(u =0). Let us try to copy the derivation.

a511,2,3,4) N a§1,2,3,4) ) <P1’a511,2,3,4)@4(u)+a§1234) S(u )]Pg]
<P1|Q3(U)|P2} <P1|Q4(U)|P2} <P1|Q3(U)|P2} <P1|Q4(U)|P2}

(AT Qi = 0) + (09 () ~1)(~a0) Tyl |, o)

(Pu1Qa(w) 2] (PiIQa () P2

Then second term in the numerator of (5.49) is zero because ¢; - go = ¢; - g0 = K - g0 = 0.
Further, we can extend the sum in the numerator of the first term to include ¢ = 1, 2, since
these terms are individually zero when contracted between spinors for P; and Ps.

Because
(1,2,3,4) 4 (1,2,3,4)
Z Z ok,
we have
4 (1727374)
NEEERY o (1523.0) <Ply S al aiK\Pg]
4 + 3 _

<P1\Q~23(U)IP2} <P1\@4(U)\P2} <P1\@3(U)\P2} <P1@4(U)\P2]

It is now clear that (§.49) and (f.46) will still hold, if we replace Pj;(u) — Pji(u = 0) and
Qi(u) — Qu(u).
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Now we perform the summation, using (f.4(). There are two terms. The first terms
are collected to give

TI5T (P (= 0)| ()] Py = 0)
(Pjia(u = 0)|K|Pji2(u= 0" Ty i s <sz'71(u = 0)|Q:(u)| Pji2(u = 0)

The total from the second term from (B.40) cannot be simplified further, since each
ﬁﬁ‘“’qﬂ"q“”s) depends on both P, and Kj.

(5.50)

5.3.2 Results for k > 4

The box coefficients are given by
(K2)2n I <P<Q],Q AR (W) P, @0y
2 ~
<PQ],Q 11K PQ;,0; ] Ht:l,t;éi,j<P(Qj7Qi);1‘Qt(u)’P(QJHQi);?]

Ek: H;Li—{f §Qi7Qj7Qt§ps) <P(Q3,Q 1|K|P Qj,Qi)Q]
- k (KivK’§K’UJ7K)
t=1,t#4,j Hw—1w;ﬁi,jt7w ! ‘ < (Q,Q4); ’Qt( )P Q]7Qi)§2:|

HP@,.001 < P02} (5.51)

where ]Aér( ), Qt( ), (q“q]’qt’ps),’y&K“KJ’Kw’Kt) are defined in (5.41), (F.49), (F.43)
and (F-49), respectively. All u-dependence is inside R(u) and Q(u). This form makes
it easier to take the derivative in (R.20)).

Pentagon coefficients are given by

ClQi, Qjlk>a =

. Hn;i—{c g‘h#lquﬁps)
1@, Ql = (& Bl B (5.52
w=1,w##i,j,t W

5.4 The degree of the polynomial

In the cases £ = 2 and k = 3, we have seen explicitly that the maximum degree of the
polynomial is [(n + 2)/2]. For k > 4, the logic discussed after (5.47) implies only that the
degree is no greater than [(n + k — 1)/2].

However, we can make a stronger claim by performing a different reduction. In the
previous subsection, we chose a reduction with a symmetric treatment of the factors (—2? .
P;) in the numerator of (2.4). Alternatively, we could choose not to respect this symmetry
in reducing the cases with £ > 3. For example, we can expand Py in terms of K;, K;, K, K

and use
(Pyi 1 () [ R () [ Py o ()] = 0™ %) (P 3 ()| Qu (1) | Py ()]
BT (i1 ()| K| Py o )] (5.53)
This reduction translates to the following relation:
Box[m, k,n] — Box[m — 1,k — 1,n] + Box[m — 1,k,n — 1]. (5.54)

Upon iteration, we arrive at k = 2 for a fixed n. Then, the degree of the polynomial is
[(m—Ek+2)/2] = [(n+2)/2], which is what we wanted to show. (It is clear that the second
term in the above reduction will not have a higher degree than the first term.)
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6. Gluon example: A(17,2T,3%,4T, 5%)

We now present an application to the five-gluon one-loop amplitude in Yang-Mills theory,
which was first presented to all orders in € in [BJ). By supersymmetry arguments, the
computation is equivalent to one with a scalar field circulating in the loop.

This configuration is totally symmetric, so we need only consider any single, represen-
tative cut, say Ci2. The others can be obtained by permuting labels. The cut integrand
within (P.§) is the product of two tree amplitudes given in [B4], with a factor of 2 for the
two internal helicity choices:

Il2 = 2AL(_£27 1+7 2+7 _EI)AR(EL 3+7 4+7 5+7£2)

) (1 2] —#[5|ksat1]3]
(12) (0 — k2)2 — 112) (3 4) (4 5) (1 + k3)2 — 1) (£ + ks )% — pi2)
I (T [5]k34]3]
(12)(34) (4 5) (0 k)2 — 1) (£ + k3)? — p2)((£ + k3a)? — p2)
_ L, R (2P '
(12) 34)(45) (1 — K1)% = p2)((0 — K2)? — p2)((£ — K3)2 — pu2)

where we have defined
(=101 = kg — 0y, (6.1)
and also that
K=ky, K =k, Ky=—ky, K3=—ky, P=][53ks+[54\As.
According to our definitions in (R.4) and (R.1(), we have
k=3 m=1 n=-2 (6.2)

Since triangles appear only when n > —1 and bubbles appear only when n > 0, we are
left with only pentagon and box terms in this case. Because m = 1, the degree of the
polynomial in w is 0. Thus, we can set © = 0 in our formula from the beginning.

From our formula (.39), we find that the pentagon coefficient is

_ 2(N2)2[1 2]s12 (q1,92,93;p1)
Cpen S (12)(34) (4 5>51q . (63)

This coefficient is proportional to (u2)2. The integral I2[(u2)?] is O(¢), which is what we
expect of pentagons.

There are three boxes involved in this cut. Using the formula (5.40), we find that the
box coefficient associated with Q1, Q2 is

(N ) [12] {<P(Q27Q1 1|R1|PQ2,Q1) ]
(12) (3 4) (45) | (P@s.00)11Q31P@s.01)2]

_ §Q1742743;p1) <PQ2,Q1 ;1|K|PQ2,Q1);2]
(PlQ2.011@81PQ2.01)2]

ClQ1, Q2] =

} F{P@2.001 < P(@2.0u)2}
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_2(N2)2[1 2] a(ql,qz,%;m)

T 12y (34) (45 3 ’ (6.4)
in which we have used (f.27) to simplify the expression.
Similar calculations give
C[Q Q ] — _2(M2)2[1 2] a(q1,Q37q2;p1) (6 5)
PRS0y (34) (45) 8 ’ ‘
_9(;,2)\2 .
C[QQ,Q?,] — 2(:“ ) [1 2] a(qzﬂ37q1,p1)_ (66)

(12)(34)(45) 3

Now we check these coefficients against the result in the literature [B4, [[§], which is
(the factor i/(47)? ¢ is omitted, and we also changed the result to our convention of the
basis definition (R.29))

e(l—e) )
(12) (23) (34) (45) <51>(_4’(

+834S45I4D+4’(2)[1]+S45S5lf4D+4’(3)[1]4—851812]4D+4’(4)[1]4—812823,I4D+4’(5)[1])

A(1+,2+,3+,4+,5+): 4—2€)€(k1,kg,k3,k4)I5D+6[1]+823834I4D+4’(1)[1]

- : } Dr,61— D,(1)7, 4
REIEI G (SZE(kl,kz,kg,k4)I5 (18] = s93534 1, "M (4]

_834545157(2) ['u4]_845851[4D7(3) [/L4]—551812]f’(4) [#4]—81282315’(5) [Hﬂ)- (6.7)
We have used IP[u'] = —e(1 = 1P T[1] and P[] = —e(1 = )2 = 9IP*°1]. In

appendix [A], we discuss various recursive relations and dimensional shift identities. We
now apply the identity (A.9) to get

5
= (-5 ) 120+ 5 3 () 12O ©3)

i=1

Then we see that we should be able to reproduce the following correspondences. For

C[Qb Q2]7

21 2] (q1,92,935p1) __ 1
(12)(34)(4 5>a3 C(12)(23)(34)(45)(51)
X <812823 + 4i6(k‘1, ]{72, ]{73, k‘4)%’55> ; (6.9)
for the pentagon,
21 2Js19 (91,92,93;p1) _ 1
(12)(34)(45) 1 C(12)(23)(34)(45)(51)
X <8Z‘6(/€1,k2,]€3,k4)%5> . (610)

We have checked that these equations (as well as the ones derived from the other two
boxes) are consistent with our definitions.
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7. Discussion

From the u-dependent formulas for 4-dimensional integral coefficients given in [7], we have
now given simpler versions, explicit proofs that they are polynomials, and the formula (P.20)
needed for the final evaluation in D dimensions. In this section, we make some remarks
comparing our results with two recent papers, [B0] and [9].

The authors of [BQ] discussed the calculation of rational terms. The rational contribu-
tion may be split into two parts (eq. (3) of [B{]), namely a term depending on ¢* (which
is 122 in our notation) and the 4-dimensional part. For the former term, the authors of [B{]
reduce the calculation into effective Feynman diagrams. In our approach, we do not distin-
guish these two terms; they are treated on the same footing by using dimensionally shifted
master integrals. To deal with the 4-dimensional terms independent of g2, [B(] proposed
the mass shifted method (eq. (16) of [B(]) and following expansion (egs. (17), (18), (20)
of [BQ]). In our terminology, these are the coefficients of u®, which we have discussed. The
proposal of [B{] is to choose different values of g%, while here we use the derivative. We
could also choose to substitute numerical values of u, and then find the coefficient from
a linear equation, as detailed recently in @] In another recent paper [@], this same
numerical approach is implemented in the context of [B(].

The authors of [BY] treat s? (which is u in our notation) as an effective dimension.
Thus they are able to use a 5-dimensional cut to read off the pentagon coefficient. To get
the coefficients, they work in two different dimensions, D; and Ds. The paper [PJ] has
thus given a way to deal with the problem of the polarization tensor of a gluon or fermion
in arbitrary dimension D. By choosing appropriate loop momenta and solving a linear
system of equations, they can separate the coefficients into spurious terms and the terms
with various powers of s2. As in our approach, the terms with non-zero powers of s2 will
contribute to the coefficients of dimensionally shifted master integrals.

The methods of 29, Bd] have been implemented numerically [29, b0 -FZ2] and have been
shown to be stable and efficient.® We have not yet attempted a numerical implementation of
the procedure given in this paper, and we leave its assessment to future work. Analytically,
our algebraic expressions are the most general, since we have not assumed renormalizability,
and the power of ¢ in the numerator can be arbitrarily high.
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A. The scalar integrals and dimensional shift identities

The ®-dimensional scalar integral is defined to be

120 = ~im® | s e R T e A

We will use © to denote the dimensionality, so that we can specifically set
D =4—2e. (A.2)
We also define a very useful symmetric matrix, S, as follows:

0 K (K1 +K2)? -+ (Ki+ Ko+ Kp_1)?

) * 0 K3 v (Ka+ K+ Kpoq)?
g=_=1]: : . i :
2 .
* % * 0 K2 |
* % * 0
0 s1 s12 Sn
1 * 0 S92 Snl
= = : A3
X (43)
x % x 0 sp,_1
* x x x 0
If there are explicit powers of 42 in the numerator, we expand in € as follows,
'k —
P = S R ] = —e Tk 124+ 00 (A1)
—€

and deduce that we only need to calculate the coefficient of the 1/e term of IP*2k[1], in
order to get the rational term. For bubbles and triangles, we need to consider k& > 1; for
boxes, we need to consider £ > 2; and for pentagons, we need to consider k > 3.

We will use two ways to deal with the higher-dimensional scalar integral, mainly fol-

lowing [P].
The first way is by calculating the integral directly, using Feynman parametrization:
! (1= ai
120) = ()" - /2) [ dayday S (A.5)
0 (@-S-a)"" 2

where

n
a-S-a= E a,-ajSij.

ij=1
This integral is easy in the cases of bubbles and one-mass or two-mass triangles. However,
for three-mass triangles, boxes and pentagons, the integral is complicated.
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The second way is by using a recursive relation, which reduces the higher-dimensional
scalar integrals to lower-dimensional and lower-point scalar integrals [P]:

1 - ;
1°+2]1] = i |? 2+ i V| (A.6)
n i=1

where

Z G A=) (A7)
i=1
If ® =D+ 2k — 2, then we have
[D+2k[] = 1 b D201y
+

1 _dni ) pPr2(k-1),6)

n
%Z < %nz> f’(f) [(qu)k—q ] (A.9)
=1
The recursive relations are very convenient in dealing with three-mass triangle and higher
point cases. For one-mass and two-mass triangles, the matrix S is singular, so these
recursive relations are not well defined. However, it is possible to recover the results from
massless limits of the three-mass triangle. In practice, then, we can always use these recur-
sive relations, taking a massless limit at the end in special cases (also boxes and pentagons).

In the following, we give compact recursive formulas for bubble, triangle, box and
pentagon, for convenient automated evaluation.

A.1 Bubble
For the bubble, the matrix S defined in ([A.3) becomes

1{0 K? 0 -
S =—= . STl=2 K2 A.10

2 4

V2,1 = 72,2 = TK2 Ay = R (A.11)

SO

and

a-S-a=—ajaK? . (A.12)
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Using the recursive relation ([A.§), we find

1 L\  D42(k—1
P = o (-5 ) P
2

1 K2 k
T thHe+h kD) <7> I[1] + O(e)

VA2 (K2\"1
= Frr 5 (T) -+ O(%). (A.13)

Alternative, we can use the Feynman parametrization to calculate it directly.

1
[2D+2k[1] — F(—k + 6)/0 daldaz 5(1 —a] — CLQ) (—a1a2K2)k—e

F(l{? + 1 — 6)2 Nk—
=I'(-k — 7 (- €
CEt Orrr 22K
T(k+1)(K?)F 1 0
= ———— —4+0(e). Al4
Tk +2) e o) (A4.14)
A.2 Triangle
The matrix S is
0 K12 Kg 1 0 S1 83
S=-3 K? 0 K2 =—5 |5 0s2]. (A.15)
K3 K3 0 s3 52 0
Its inverse is
1 —8% §9283 S159
Sl =— sos3 —s3 s381 |, (A.16)
515983 2
8182 8381 —S7
SO
_ s2(s2 — 83— 1) _ 53(s3 — 81— 82) ~ s1(s1— 52— s3)
V3,1 = y 132 = y 13,3 = )
5351 5152 5283
Ay = s2 + 82+ sg — 2(s152 + S283 + 3331)7 (A7)
$18283
and
a-S-a=—(arasK? + agaz K3 + azay K3). (A.18)

One-mass and two-mass triangles can be evaluated by Feynman parametrization. If
K2 =0, then

1
I9 1] = —T(—=k+ 1+ 6)/0 daydazdag 6(1 — a1 — az — a3) (—a1a K} — agagk3)* '~
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I'(k K2k — (K. 1
_1“(215421)( 1}212_([(222) -+ 0(@). (A.19)

If, in addition, K3 = 0, then

(k)

I 1] = T2k +1)

o (K2 24 0(), (4.20)

For the three-mass triangle, we use the recursive relation ([A.§) repeatedly, and obtain

3
1 1 1
D+2k[11 _ D+2(k—1) 1 V3, D+2(k—1),(3)
= | () g 2 () m]
k—1 k—¢ 3
1= T(+1) 1 ~ rD+26,(0) 0
- 3T (-5) > 170 + (), (A21)

where we make use of our previously derived bubble result. The first several cases, written

explicitly, are

YN = o+ 0

IPHN) = (51 + 52 4 53) + O()

2+on) = ~ 360 ——— (s + 83 4 5% + 5152 + 5283 + 8351) + O(°)

P0) = —ﬁ<S‘I’+s§+s§+s%32+sls%+3533+323§+s§31+33s%+2313233> +O()

Note that Ag in ([A.21)) has cancelled out of the numerator and denominator.
We have verified that the results for one-mass and two-mass triangles are consistent

with the massless limit of the three-mass triangle result.

A.3 Box
The matrix S is
0 K? (K1 + K>)? K?
g _1 K} 0 Kj (K2 + K3)?
2 (Kl + K2)2 K22 0 Kg
Kz% (KQ + K3)2 K§ 0

0 s1 512 84

1 S1 0 S92 893
= . A.22
2 S12 S2 0 S3 ( )

s4 s23 s3 0
Using the recursive relation ([A.§) repeatedly, we find

4
=1\ Di2gk-1) 1 Vi | pD+2(k=1),0)
— |1 - E 1
<A4> 2 2 < > 2

=1

1P (1] =

1
k‘—%—e
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1 e D+2¢,(i)
= — | — i 1 Nl 9. A2
s i (&) S B0 o) (A23)

Here we use the identities for triangles. The first few cases, listed explicitly, are

IPH) = = 4 O(e)

6e
[4D+6[1] = 120 (81+82+83—|—S4+812—|—823)—|—O( )
1
I4D+8[1] = m(S% + 85+ 85+ 87 + S1g + S35 + 5152 + S283 + S354 + 5481

1
+ (812 + 823)(81 + 89 + 83 + 84) + 5(8183 + S984 + 812823)> + 0(60)
Notice that the factor Ay in (A.23) cancels out.

A.4 Pentagon

The matrix S for the pentagon is

0 s1 812 845 S5

E 0 s2 s23 851
52—5 S12 S2 0 83 S34 . (A.24)

S45 S23 83 0 sy

S5 S51 534 s4 0

Using the recursive relation ([A.§) repeatedly, we find

1 -1 1 —Y5.i
D4+2kr41 D+2(k—1) 1 V5,i D+2(k 1), (z)
B = e | () By (R H]
k—1 k—£ 5
1 T'(¥) <—1> D+2¢,(3) 0
=N (= i I 4+ o). A.25
221 (&) 2wk O (A.25)

The first few identities we derive this way are

1
IE?JFGU] = Ton + O(e")
1
IP78)1) = _m(sl + 89 + 83 + 84 + 85 + S19 + S23 + S34 + 845 + 851) + O(eY)
1
1PT00] = ~20160¢ (S% + 820 + 5189 + 519534 + 51(512 + 523 + 545 + 851)

+ —(8153 + s1834 + S12823) + four cyclic> + (9(60)

N —

The factor Aj in ([A.2§) cancels out.
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B. Explicit expressions for triangle coefficients

In this appendix we collect some simplified expressions for triangle coefficients with n < 2.
This is sufficient in renormalizable theories. For general n, we can always go back to the

general formula (B.11).

For n = —1:

k-1

1 (T (Pl 1P Pl r0)2]

ClQs, Kln=—1 = 5 ( k ’ - 02 + { P01 = Plg 02} |-(B1)
2 Ht:l,t;ﬁs <P(qs, 1|Kt|qu, );2 ]

For n =0:
k k ~
Ags K) T 4z <P(qs7 |Kt|PqS7 2] = (Plge, ) 1\p |Pigs. 2]
k -
2Qt gs
+ H{ P, 1)1 < Pl x)2)p - (B.2)
tzlzvt?é8<P(qsv 1‘Kt‘PQSy 7 ] ! e

For n = 1, we have linear u-dependence:

k+1
cio . — a2 (5 (PlaoalPilPa.xye]
[Q87 ]n: - A 2 k (fl +f2)
(ass K2 \ T 1ots (Plgo.rs1 Kt Pg, 2]
+{P(q5, i1 g ,Pq67 2}) (B3)
where
k+1 ~ ~
(2p; - ¢5) (2t - gs)
Fir=1|- + (B.4)
( ; <PqS7 1|P |PqS7 a :| t_;§£8 <PqS7 1|Kt|PqS7 7 :|
k+1 ~ k+1
,/TQ _ _ i (2p] qs _‘_i < 2 +1> < QS7 ‘P ‘PQSy 71]
j=1 <Pq57 1’P ‘P(Is, );2 2K2 <P 1‘P ‘PQSy 72]
k ~ k
£y ( (24: - gs) ) 3 1< a +1> (Plg 2| Kt Py, )s1]
t=1,t#s <P(IIS7 ’Kt’P(QS7 );2 t= 17t¢52 Oé2K2 <P(QS7K)§1’Kt’P(QS7K)§2]

(B.5)
Finally, for n = 2, we again have linear u-dependence:

C[Q K] 2 (K2)6 < k+2<P(157 1|P |PQS7 7]
KR n=2 — T3
) Ht 1t;és< (gs, K 1‘Kt‘Pq67 ]

FP+ 3R F+ F
3 A(gs, ( RERRE
P, k)1 < P(qs,K);2}> ’
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where

SRR - (24: - 4:)
Fi= L + L2 , (B.6)
Ez:l <qu, I‘P ‘qu, ] t:%t:;és <P(qs,K);1’Kt’P(qs,K);2]
k42 ~ 2 k2
Fa = —Z (30; -4:) + ! <(1 —u) s + 1) <qu’ 2B Pla. ¢ ’1}
j=1 <P(qs, )1l Pi | Plg. r0); ] j=1 2 azkK? <P(qs, il Pj | Plge. ;2>
k _ 2
(2% QS) )
_|_
t:%;és <<an, 1’Kt‘PQ67 72]
k
1 % (Plgo, )2 Bt Pgy r0):1]
- > 5 ((1 —u) st 1) Pq T |Pq , (B.7)
t=1,t#£s s < (g5, K); 1131 (gs, K 72]
and
k+2 ~ 3 k ~ 3
(2p; - qs) (241 - gs)
Fyg=4¢—> 2 + 2
; (<P(q37K>;1|Pj|P(q37K>;2] t:%s (Plgs )51 | Kt Plg. 2]

k+2 ~

+§:§<(1_u) e +1) (Plae 52IP5\Pras 10y1] (255 - 0s)
2172 2
oK (Plgw, )11 Pj | Plge,i):2]

zk: §< - q§ +1> (Plg,, w2l Kt Pgo031] (23 - 4s) (B.8)
2 a2K2 <Pq6, 1|Qt|Pq67 2 ]2

C. Proof of the polynomial property of bubble coefficients

Here we present a proof that the bubble coefficients are polynomials in w. For this proof,
we make use of their derivation from spinor integrals [R7], along with certain results of
Ossola, Papadopoulos and Pittau (OPP) [[[7 to analyze the integrand.

Given the cut integral (B.G), bubble coefficients are given by the sum of residues at the
poles of the following function (see appendix B of [R7]).”

zn: 1 diBy, n—q(s)

1
q! ds? ’ (C.1)

s=0

where the residues of B,, ;(s) are taken before the derivative in s, and the function By, ;(s)
is defined to be

{¢Inlg)! T2 (01 R; (K — sm)|6)
(NP (oK |0)™ TTE_, (01Qp(K — sn)|€)

Bn,t(s) = (02)

"In this discussion, we drop prefactors independent of loop momentum, as well as the possible prefactor
c(u?). Also, we have used (K — sn) instead of (K + sn) in (@) This change is compensated by dropping
the factor (—1)%.
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Bubble contributions in the cut integral (2.6) appear only if n > 0. In the case that n = 0,
it is easy to see that we can simply set s = 0. Then, ((|Q,K|l) = —/1 —u{l|q,K|{),
and ((|R;K|l) = —/1 —u {¢|p;K|¢), so the u-dependent factor /1 —u cancels out of the
numerator and denominator.

Our strategy is to decompose B, ;(s) as a power series in v/1 — u. Then we will show
that the terms with odd powers of v/1 — u correspond to spurious terms discussed by OPP.
Therefore, they will vanish upon integration, and we will be left with only even powers of
V1 —u, i.e. a polynomial in u.

Note that when we apply the OPP results, we are dealing only with the four-
dimensional momentum ¢ (or { in our notation), so we do not need any parts of the OPP
formulas involving the extra-dimensional variable g>. Also, in our case we have py = 0,
and the mass m? should be shifted to m? + u2.

We emphasize one point which is crucial for our proof: the one-to-one correspondence
between the form (B.§) and the form ([C1) in D = 4 dimensions. That is, every factor

—20. Pj in (P.4) corresponds to a factor <€|R§4D) (K — 377)|€> in (C.]), and vice versa. It is

very important that since now we are in pure 4D, the R§4D) = —Pj, ie., R§4D) = Rj(u=0).
Similarly for the factor (¢|Q,(u = 0)(K — sn)|¢) in (C-) and factor (p — K;)? in (B-§). In

the following proof, we go back and forth freely between these two forms.

C.1 Reducing the number of propagators

The spurious terms of OPP have at most four propagator factors in the denominator. In
order to make use of their results, we must begin by reducing our (arbitrary) number of
propagators to four or fewer. In our formalism, the corresponding condition on ([C.2) is
that k < 2, because we have a unitarity cut.

We perform the reduction in (at most) two steps: first, from k& > 4 to k < 3, and then
from k=3 to k < 2.

Reducing from k > 4 to k < 3. If £ > 4, then there are at least 4 @);’s in the
denominator and at least one R in the numerator of (IC.9). Therefore, we can expand the
vector R in the basis of the @Q);, as follows.

R= Z%Qz (C.3)

With this expansion, the original term can be expressed as a sum of four others, in each
of which there is a cancellation between numerator and denominator, reducing k to at
most 3. Of course, we must be sure that the coefficients x; are independent of u. To see
this, expand Q; and R as in (R.1§) and (R.17) by writing Q; = —(v/1 — u)g; + ;K and
R = —(v/1—u)p+ BK. Then, we find that (C.J) becomes

4
p= Z Tiqi, Z i = 8 (C.4)
i1 i
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Here it is clear that the solutions z; are independent of u. Note that the equation p =
Z?‘Zl x;q; has only three independent components, because the vectors ¢; span the 3-
dimensional space orthogonal to K. Thus we have four equations giving a unique solution
of ZTy.

Reducing from k£ = 3 to k£ < 2. Now we reduce further, from k = 3 to k < 2. Since
k =3 (and we know n > 0, because we are discussing bubbles) there is more than one R
in the numerator. Taking any one of the R, we expand

P =y K+ y1 K1+ y2 Ko + y3K3.

Then,

P-K

3 KK 3
= Zyz{—\/m (Kz - }(72K> +OéiK} + <ﬁ—zyi04i> K
i=1 =1

3 3
= yiQi+ <5 - Z%%’) K
i=1 i=1

Substituting this expansion into the numerator of (C.9), we obtain

R =— 1—u<P—

3

([R(E —sm)|)  _ 3 vi
[Ty QK —sn)ll) = Timy e (UQi(K — sm)|£)

3
N s ((nK|0)
+<ﬂ gy ) 3 QK — sn)|0)

The first three terms fall into the case k = 2. The last term, with the factor s (¢|nK|¢)
in the numerator, still has k = 3, but we see from comparison with ([C.2) that we have

effectively reduced n by one.® Repeating the reduction on the last term, n times, we arrive
at a term with n = 0. As we discussed in the paragraph following ([C.9), such a term is
independent of w.

Having accomplished the reduction of our proof to the case k < 2, we proceed to apply

the results of OPP in a case-by-case analysis for k =0, 1, 2.

C.2 Case-by-case analysis

We now analyze each of the cases & = 0,1,2 in turn, rearranging our integrand ([C.2) so
that the terms with odd powers of v/1 — u take the form of the spurious terms of OPP [[(7,
which were proven there to vanish upon integration.

8There is another way to see this point. The presence of a term (¢|nK|¢) implies that there is a factor
(—2¢-K) in the form (E) By the delta-function condition from the 4-dimensional unitarity cut, this factor
is equivalent to K2, so we have reduced n by one.
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The case k = 0. We apply the OPP result directly and make use of their notation.
Recall that we always have py = 0. Use (R.1§), i.e. Rj(u) = —v/1 —u (P] - %K) + 0K,
and expand P; as follows (see (2.23) of [[7)):

Pj =y1 K + ynn + yrlr + ysls. (C.5)
More concretely,
K = {5 + 20 (C.6)
K? K2
65_K_2K-7777’ 66—4K'7777 (C.7)
U7 = Aoy Mg s = g e n =05 — 2 (C.8)

Here 7 is the same null vector 7, chosen arbitrarily, that we used inside By, (s). We see
immediately that

Rj(u) = —(85 — YnBn — Yo Ber — YesBer ) Ric + Yn R + yrRe, + ys Ry (C.9)

where Ry, = —v1—u (67 — Z;('f K > — é}f K, and the other three vectors are defined
similarly from (R.I7). After accounting for orthogonality properties,

n-K:€7-K:€8~K:O
we can see specifically how the u-dependence enters:
RK = —K, Rn = —(\/ 1-— u)n, Rg7 = —(\/ 1-— u)€7, Rgs = —(\/ 1-— u)&g (ClO)

Now we use the one-to-one correspondence between form (R.§) and form ([C.J), that we
emphasized at the beginning of this section. In the present analysis of a term of type ([C.2)
with & = 0, and a numerator factor with Ry, the corresponding term in (2.4) will have the
factor —20 - (7. If we expand every R; according to ([C.9), then our general term is of the
following form:

(=20 - K)*5 (=20 - £7)7 (=20 - £g)*s (=20 - n)*". (C.11)

We have introduced integers s; to denote the powers. The u-dependence of such a term is
precisely the factor \/m87+88+8".

We need to show that if s7 + sg + s, is odd, then the term is spurious in the sense of
OPP [[[7]. First of all, the unitarity cut condition means we can replace (—2!7 -K) — K2, 50
the value of n is effectively reduced by one, and we can ignore that factor for the rest of the
proof. If either s; = 0 or sg = 0, then we see immediately from [[[7-(2.29) that the term
is spurious. When both s7, sg are nonzero, we use the expression [[7-(2.33) to reduce to
the case of [[7]-(2.29). If s7 # sg, the conclusion is obvious. But if s; = sg, then s, is odd,
and so, after applying [[7]-(2.33), 2i + s,, is still an odd power, and we can again conclude
with [[7-(2.29) that the term is spurious. Finally, we must account for the first two terms
in [[7)-(2.33). The first is 22-1:0 O(D;), which is zero by the unitarity cut condition. The
second term is O(g?), which is zero since our present analysis is purely four-dimensional,
as we remarked at the beginning of this section.
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The case k = 1. We continue using the notation of [[7], and also its discussion of 3-
point like spurious terms. Now we use the following expansion involving the single vector
KZ'Z

P; = yx K + y; K; + y3lz + yala. (C.12)

The vectors ¢3, ¢, are defined as f3 = AngZQ, by = AgQXgl, where £1, 5 are constructed from
K, K;. Then,

P, - K
;{2 K) —i—ﬂjK

= — (B85 — yicvi — y3Pes — yaPu, )R + viQi + ysRey + yaRy,

Rj(u) = — 1—u<Pj—

Now we substitute this expansion into (¢|R;(u)(K — sn)|¢). The term with Q; cancels
the a factor in the denominator, returning us to the case of £ = 0, which we have already
addressed. The term with Rg reduces n by one, as discussed above. For the remaining
two terms, we use {3+ K = {4 - K = 0 to write Ry, = —(v/1 — u){3 and Ry, = —(v/1 — u)ly,
just as in the case of kK = 0.

However, unlike the k& = 0 case, when we put Ry, and Ry, back in (C.2), the power
of v/1 —u is not always given by the power of Ry, and Ry,, so we must be careful. Let us
consider the separate cases for each term in the expansion.

e (a) If the term contains neither Ry, nor Ry,, then either Q; effectively reduces k = 1
to k =0, or Rg reduces n to n = 0 in n steps. Either way, we know from previous
analysis that the odd powers of /1 — u drop out.

e (b) If the term contains Ry, or Ry, but not both, i.e.,

—97 . p)\a _97.p.\b
—N( 26-6s) or —~( 20 t) , a,b#0
(0= Ki)? — p? (0 — K;)? — p?

by [[7-(2.20), the contribution is zero.
e (c) If the term contains both Ry, and Ry, .i.e.,

(=20 - 05)2(—20 - £4)°
=K 2

, a,b#0

then we need to use the first equation of [[7-(2.15) to reduce the pair. There are
three terms on the right hand side of the first equation (remembering that the O(g?)
does not exist in our case). The first two terms reduce n by two (notice that F
depends on p? through the mass), and the third term reduces k = 1 to k = 0. By
this manipulation, we reduce case (c) to either case (a) or case (b).

The case k = 2. We use the same expansion of R; as in the k = 1 case, and perform
a similar analysis. Factors with Ry factor effectively reduce n by one. Factors with @
reduce k = 2 to k = 1. For Ry, and Ry,, we need to use equation [[q-(2.15) to simplify
further. Similar to the case k = 1, we have following three cases:
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e (a) If the term contains neither Ry, nor Ry,, then either @; reduces k =2 to k =1,
or Ri reduces n to n = 0 in n steps. Either way, we know from previous analysis
that the odd powers of v/1 — u drop out.

e (b) If the term contains Ry, or Ry, but not both, i.e.,
(—20- 03)° o (—20- £4)"
((6 = K3)? = p2)((€ = K;)* — p?) (€= Ki)* = p?)((€ — K;)* = p?)

then we apply the second equation of [[-(2.15) repeatedly until we reach the
form [[q-(2.18). There are three terms on the right-hand side of [[7-(2.18). The
first term will depend on u polynomially through the mass, while the third term will

, a,b#0

reduce k = 2 to k = 1. The second term is the spurious term, which gives zero
contribution.

e (c) If the term contains both Ry, and Ry, .i.e.,

(=20 £5) (=20 - y)"
(0= K:)? = p)((€ = K;)? = p2)

, a,b#0

then we apply the first equation of [[7-(2.15) to reduce the pair. Then we use the
second equation of [[[7]-(2.15) and finally reach the form of (2.18). The discussion of
this case is parallel to case (b).

We conclude that the bubble coefficients, as given in (f.1]), are indeed polynomials in
u. Knowing this fact, the degree of the polynomial can then be read off from the formulas
of section 4; it is seen to be [n/2].

D. Pentagon double cut

The double cut of a pentagon integral, defined according to (.4) as

ClI5(K; Ky, Ko, K3)] /d4 % ;5(172)5((17—K)2) (D.1)

is given by the following expression []]]:

ClI5(K; K1, K, K3)] = /duu 17_)“ (D.2)
( 503,22, Q1 K] | QuQo=v(@@P-QIGF o

4/(Q3-Q2)>—Q3Q3  Q3-Q2+/(Q3-Q2)>—Q3Q3
i S[Q3,Q1,Q2, K] In Q3-Q1—/(Q3-Q1)>—Q3Q7 (D.4)

)

4/(Q3-Q1)?—Q3Q%7  Q3-Q1++/(Q3-Q1)?—Q3Q3
S[Q2.Q1,Q5, K] | Qo Ql—wczz-cyl)?—@%@%)

4/(Q2-Q1)2—Q3Q% Q2 Q1++/(Q2-Q1)2—Q3Q3

+
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where S[Q;,Q;, Qk, K| was defined to be

P
with
K-Q. QK Q;-K Q3 Qi Qr Qj - Qk
T'=-8det | Q;-Qr QF Q;-Q; |; Th=—4det| Q;-Qr Q? Q;-Q; |.(D.6)
Qj - Qr Qi Q Q3 Qi Qr Qi+ Qj Q3

Here we rewrite ([D.§) so that the u-dependence becomes transparent. We need to define
a few auxiliary quantities. In terms of a particular matrix denoted by .5,

0 K? K? K32 K?

K? 0 (K1 — K)? (Ky—K)? (K3 — K)?
S=| K} (K1 - K) 0 (Ky — K1)* (K3 — K1)? |, (D.7)
K2 (Ky — K)? (Ky — K1)? 0 (K3 — K3)?
K2 (K3 — K)? (K3 — K1)? (K3 — K»)? 0
we define
0 K2 K2 K? K?
K2 0 (Ky — K3)? (Ko — K)? (Ko — K1)?

A[Ky; Ky, K3, K] = —det| K2 (K3 — K3)? 0 (K3 — K)? (K3 — K1)? | (D.8)
K? (K- K)? (K — K3)? 0 (K — K;)?
1 1 1 1 1

5
BIKy, K, K3, K] = det(S) > (S, (D.9)
ij=1
C[Kl,KQ,Kg,K] = 2det(S . (DIO)
Then,

4K?A[Ky; Ko, K3, K|
S K _ ? ) ) A
(@2, @3, @1, K] uK2B[K, K>, K3, K| — C[K1, K2, K3, K|

(D.11)

Now it is evident that the numerator of ([D.11)) is independent of u, and the denominator is
linear in u. Furthermore, B[K;, K, K3, K| and C[K7, Ko, K3, K| are totally symmetric in
their arguments, indicating fundamental pentagon nature. The quantity A[K7; Ky, K3, K|
breaks this symmetry for the first argument, K7, indicating that the corresponding prop-
agator is the one that is eliminated in order to show up as part of a box coefficient.
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